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Abstract

A new second-order finite-difference algorithm for the numerical solution of diffusion prob-
lems in strongly heterogeneous and non-isotropic media is constructed. On problems with
rough coefficients or highly nonuniform grids, the new algorithm is superior to all other
algorithms we have compared it with. For problems with smooth coefficients on smooth
grids, the method is comparable with other second order methods. The new algorithm is
formulated for logically-rectangular grids and is derived using the support-operators method.

A key idea in deriving the method was to replace the usual inner product of vector
functions by an inner product weighted by the inverse of the material properties tensor
and to use the flux operator, defined as the material properties tensor times the gradient,
rather than the gradient, as one of the basic first-order operators in the support-operators
method. The discrete analog of the flux operator must also be the negative adjoint of the
discrete divergence, in an inner product that is a discrete analog of the continuum inner
product. The resulting method is conservative and the discrete analog of variable coefficient
Laplacian is symmetric and negative definite on nonuniform grids. In addition, on any grid,
the discrete divergence is zero on constant vectors, the null space for the gradient are the
constant functions and, when the material properties are piecewise constant, the discrete
flux operator is exact for piece-wise linear functions. We compare the methods on some of
the most difficult examples to be found in the literature.



1 Introduction

The main goal of this paper is the description and investigation of a new finite-difference
algorithms for solving the elliptic partial differential equation (PDE) or stationary diffusion
equation

—divKgradu=f, (z,y)eV. (1.1)

The solution, u = u(z,y), is the concentration to be solved for (temperature in heat diffusion
problems, and pressure in flow problems). Here V is a two dimensional region, div is the
divergence, grad is the gradient, K = K(z,y) is a symmetric positive-definite matrix, and
f = f(z,y) is a given right-hand side or forcing function. The boundary conditions are
general Robin (or mixed):

(Kgradu, )+ au=1, (z,y)ecdV, (1.2)

where 71 is vector of unit outward normal to the boundary 0V, and « and ¢ are functions
given on OV. The algorithm is constructed using a nontrivial generalization of the support-
operators method for solving problems where the material properties tensor (or matrix) K
may be discontinuous and non-diagonal and, moreover, the computational grid may not be
smooth.

The support-operators method constructs discrete analogs of invariant differential oper-
ators div and grad, which satisfy discrete analogs of the integral identities responsible for
the conservative properties of the continuum model. The method was initially developed in
[14] by Samarskii, Tishkin, Favorskii, and Shashkov and is fully described in [17] .

This paper is the third of a series on the support operators method. In the first paper
[16], the support operators method was combined with the mapping method to produce an
algorithm for equations with general boundary conditions. The resulting method was shown
to be accurate when both K is smooth and the problem is solved on a smooth grid. In the
second paper [15], the support-operators method was extended to define new cell-centered
finite-difference algorithm for solving time-dependent diffusion equations with discontinuous
diagonal K on logically rectangular non-smooth grids, such as the grids associated with
Lagrangian hydrodynamics calculations. This paper also contains an extensive review of the
literature on constructing approximations of differential operators on non-uniform grids and
motivation for using the support operators method.

In this paper we extend the support-operators method to non-diagonal non-smooth tensor
K and non-smooth logically-rectangular grids. A key to improving the accuracy for non-
smooth K is to use the flux operator K grad, rather than the gradient operator grad, as one
of the basic first-order operators. This requires the usual inner product of vector functions
be replaced by an inner product weighted by the inverse of the material properties tensor.
The method is linear, conservative and material discontinuities are assumed to occur at
the surfaces of the grid cells. The method uses both the heat flux and the temperature as
primary variables.

The discrete analog of the variable-coefficient Laplacian div K grad can be decom-
posed as a composition of two discrete operators: a divergence DIV; and a flux operator
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—KGRAD, which are the adjoints of each other. This ensures the self-adjointness and neg-
ative definiteness of the discrete variable-coeflicient Laplacian for general grids. Moreover,
on any grid, the discrete analog of div is exactly equal to zero only on constant vectors,
the grad is equal to zero only for constant functions and (when the material properties are
piece-wise constant) the discrete flux operator is exact for piecewise linear functions. On
rectangular grids, all discrete the operators reduce to standard finite difference approxima-
tions and when the discontinuous heat conductivity is a scalar, the algorithm produces the
appropriate harmonic average heat conductivity for the fluxes.

Because the fluxes are the primary unknowns for the method, when this approach is
used to solve (1.1), the new method has twice as many unknowns as the more traditional
algorithms. However, because the method is second-order accurate on general logically
rectangular grids, fewer grid points are needed than the commonly used first order methods
to give the same level of accuracy in the solution. In our computational comparisons with
many of the existing methods, when the computational mesh is significantly skewed, we
find that the new method is much more accurate than the traditional finite difference and
finite volume methods. Also, because the discrete difference equations are symmetric and
positive definite, only half the coefficients for the difference equations need be stored and the
equations can be solved with some of the most powerful iterative methods for solving linear
systems.

This paper is arranged as follows. In Section 2, the continuum problem is written in
operator form to illuminate the properties of the operators that should have analogs in the
discrete case. The main point in this section is to introduce an inner-product on vectors that
is weighted by K~' and to introduce the operator K grad rather than just grad. In Section
3, the grid and the discretizations of scalar and vector functions are given. Both nodal and
surface discretizations for fluxes are introduced, and the discrete inner product for general
non-diagonal K is constructed.

In Section 4, following the support-operators method, approximations for div and K grad
are derived using both the nodal and surface discretizations. Using these operators, the
finite difference scheme for div K grad is constructed. The theoretical properties of the
discrete operators are summarized (see Appendix A also), and it is shown that, for the
surface discretization, the null-space of grad are the constant functions, while for the nodal
discretization, the null-space also contains the spurious highest-frequency mode on a square
grid.

In Section 4.6, we describe strategies for solving the linear equations given by the dis-
cretizations of the variable-coeflicient Laplacian. An important point here is that the discrete
operator for the surface discretization is not local. However, it is the product of a local dis-
crete operator with the an inverse of a local operator, so the residual can still be computed
as a local operation. Iterative methods that only require local operations, such as the pre-
conditioned conjugate gradient method, can be used efficiently .

In Section 5, we test and compare our algorithms on eight of the most difficult examples
to be found in the literature. These examples verify that the surface discretization approach
performs reliably on all of the examples, and the nodal discretization gives reasonable results.



The first example confirms that the surface discretization method is exact when the so-
lution is piecewise linear. The second example demonstrates the second-order convergence
rate for discontinuous diagonal K. The third example demonstrates the second-order con-
vergence rate for both the surface and nodal discretizations for continuous non-diagonal K.
The fourth example demonstrates the second-order convergence for the surface discretization
and first-order convergence for the nodal discretization for non-diagonal and discontinuous
K.

The next three examples are related to porous-media flows. The fifth example compares
the discretizations on a highly-discontinuous (checkerboard) K. The surface discretization is
significantly more accurate and less noisy than the nodal discretization. The sixth example
simulates the random placement of blocks of shale in sand, and shows that the surface
discretization produces far more accurate results than the nodal discretization. The seventh
example involves an curved low-permeability streak in a porous media. A non-uniform grid
is adapted to the streak and K is non-diagonal. The simulation confirms that the flow field
conforms to the low-permeability region.

The eighth example combines all of the difficult features of the previous problems. We
verify that for a non-diagonal and piecewise constant K, the surface discretization is exact
on a non-uniform grid. We also verify that the nodal discretization is second-order accurate.

In Appendix A,we prove the surface discretization K grad is exact for piecewise linear
functions when K is piecewise constant.

2 The Properties of the Continuum Problem

In this section, we will develop the flux form of the elliptic PDE (1.1) as a system of first-
order equations and analyze the system in terms of abstract operators on inner-product
spaces of scalar and vector-valued functions. The analysis will be for Robin (mixed) boundary
conditions (1.2). The case with Dirichlet boundary conditions is a straight forward extension
of this analysis and will not be analyzed here.

We introduce the space of scalar functions H with the inner product

(u, v)H:/ uvdV + uvdS, wu,v€EH, (2.1)
v av

and rewrite Equations (1.1,1.2) as
Avu=F. (2.2)

The operator A is given by

_ [ —divKgradu, (z,y)eV
A:H—H, Au_{(Kgradu,ﬁ)—l—au, (z,y) € OV (2:3)
and has the following properties:
(Au, v)g = (u, Av)g, (Au,u)y >0, (2.4)



The right-hand side of (2.2)has the form

_[f, (zy)eV
F_{¢, (o.9) € OV (25)

We investigate the properties of problem (1.1,1.2) by writing it in terms of first-order
operators in flux or mixed form:

divw = f, (z,y)eV,

—

w = —Kgradu, (z,y9)eV, (2.6)
_(’Lﬁ7ﬁ)+au = 'l:b; (m7y)eav‘

The flux W = Gu = —K grad v has physical meaning and is continuous across discontinu-
ities in K, but grad u has neither. When the matrix K is non-diagonal and discontinuous,
there are advantages (and it is natural) to analyzing the equations by considering the oper-
ator G = —K grad directly, rather than the operator grad and matrix K separately.

To investigate (2.6), we introduce the space of vector functions H with the inner product
of two vector functions /T, Be H, defined by

(A, By = /V (K- A, B)dV . (2.7)

Because the matrix K is symmetric and positive definite, so is K™' and (2.7) satisfies all the

axioms of an inner product. This “weighted” inner product is well defined for discontinuous

K and naturally arises in mixed finite-element formulations (see, for example, [5, 22]).
From (2.6), it is clear that operator A can be represented in the form

A=Q+D- G, (2.8)

where the operators G, D, and € have the following definitions

Gu = —-Kgradu, (z,y)eV, (2.9)
L [(Hdivw, (z,y)eV,
P = { TR, e, (2:10)
_ 07 (:Il,y) € V7
= {au, (z,y) € OV. (2.11)
Here
G:H—-H; D:-H-H; Q:H—H. (2.12)
Using the first-order operators, System (2.6) can be rewritten in the form
Qu+Dw=F, w=Gu. (2.13)
A crucial relation which we must retain in our discrete approximation is
D=G". (2.14)



This is clear from the definition of operator D, the definition (2.1) for the inner product in
the space H, and integral identity

/ ¢divwdv+/(w,grad $)dV = f é(@,7)dS (2.15)
14 14 S
which give:
(D@, w)y = /udivwdv— u (@, 7) dS
14 av
= —/ (w, gradu) dV
;
- / (@, K~! (K gradu) dV (2.16)
;
= (’LE, G’U,)H .

Also, it 1s evident that © = Q* > 0.

Because A = Q 4+ G* D, the properties (2.4) follow from the properties of operators €,
D and G. Note that boundary conditions are included in definitions of operators and spaces
of functions in natural way. The properties of first-order operators discussed in this Section
are preserved by the finite-difference methods derived using the support-operators method.

3 The Spaces of Discrete Functions

In this section, we define our notation for a logically rectangular grid [9], a cell-centered
discretization of scalar functions, and both nodal and face-centered discretizations of vector-
valued functions.

3.1 The Discretization of Scalar and Vector Functions

The nodes of a logically-rectangular grid can be indexed the same way as a rectangular
grid with indices (z,7), 1 <2 < M, 1 <j < N (see Figure (3.1)). The quadrangle defined
by the nodes (¢,7), (¢ +1,7), (t+ 1,7 + 1), and (3,7 + 1) is called the (z,7) cell (see Figure
3.2). The area of this cell is denoted by VC(; ;). The length of the side of the (4,7) cell
that connects the vertices (¢,7) and (4,5 + 1) is denoted S¢; ;), while the length of the side
that connects the vertices (¢,7) and (2 + 1,7) is denoted S7(; ;). The angle between any
two adjacent sides of cell (7,7) that meet at node (k,!) is denoted cpgi’lj) (the angle 9084]-)1 i
is displayed in Figure 3.2). We assume, unless otherwise stated, that the cells are convex.

—

(Meshes with non-convex cells are considered in Section 3.2.2 and [15].)
To study convergence rates, we impose some standard mild smoothness assumptions on
the family of grids. A small parameter which characterize the density of the grid is

1 1




Figure 3.1: A Logically Rectangular Grid and the Discretization of a Scalar

(i+1,j+1)

(i) ol @i.j) (1))

Figure 3.2: A Typical Cell of a Logically Rectangular Grid



2 (i,j+1,k+1)

(i+1,j+1,k+1)

(i+1,j+1,k)

(i+1,j,k)

Figure 3.3: The 3-D Mesh

z (i k+1)

(@i,j+1,k)

(349 (34

H (i+1.j.K)

(i+1,j,k)

Figure 3.4: Curvilinear Coordinates and Grid Lines

We assume that there exits constants C{!) and ¢ which do not depend on h, such that

z min

CTlmn h2 S VC(%]) S CTlnaac h27 (32)

and that exists constants C(?) and ¢?) which do not depend on A, such that

min

Clinh < Sy, Sniig) < Chuwh, (3.3)

and that there exits a constant € > 0, which does not depend on A, such that

sin (cp&]l))) > €. (3.4)

Our notation is motivated by considering the 2-D grid as a projection of a 3-D grid.
This approach may seem awkward at first, but it becomes natural when put into a three
dimensional setting and clarifies how the finite-difference methods generalize to 3-D. Because
in 2-D the functions depend only on the two coordinates z and y, we first introduce a grid
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(i+1,j+1)

(i.j+1)

WY

(i) WX, (L)

Figure 3.5: The Nodal Discretization of a Vector

in z in the third dimension. The z grid is chosen to construct a right prism of height one for
each mesh point of grid in the plane for which the cell in the plane is the base (see Figure
3.3). It is also useful to interpret the grid as the discretization of a map from a curvilinear
coordinate system z = z(¢,7,¢), y = y(&,7,(), z = 2(£,7,(), where the nodes of the grid
are given by z¢i;n = =(&,n;, (), with & = 1A¢, and so forth, as shown in Figure 3.4.
Thus increasing 2 corresponds to increasing ¢ and so on. Using this 3-D interpretation, the
notation S¢; ;) refers the area of the 3-D surface given by the points (4,7, k), (z,7 + 1, k),
(4,7,k+1), (2,7 + 1,k + 1), that is, S¢, gives the element of surface area for a surface where
¢ is constant, because we took the height of the prism equal to one. Similar results hold for
other sides of a 2-D cell.

3.1.1 The Discrete Scalar Functions

The discrete analog of the scalar function w is the cell-centered discrete scalar function U; ;
(see Figure 3.1), whose indices vary in the same range as the volume VC(; ;). The treatment
of the boundary conditions requires the introduction of the values of the scalar function on
the centers of the boundary segments (see Figure 3.1):

U(OJ), U(MJ‘), _] == ]_,. . .,N - ]_, U(i,O); U(i,N); 1= ]_,. .. 7]\4 —1. (35)

In the 3-D interpretation, scalar functions are defined in the centers of the 3-D prisms and
in the centers of the boundary surfaces. Again, because we only consider the 2-D case, these
values can be projected to the 2-D cells, and the centers of the boundary sides.

The components of K are discretized in the same way as u. The scalar functions « and
1 from the boundary conditions, are discretized in the same way as w is on the boundary.

3.1.2 The Discrete Vector Functions

Two possibilities are used for discretizing vector functions W = (WX, WY): the first
uses the usual Cartesian components W .X(; ;) and WY/, ;) of the vector at the nodes as shown

11



Wije1)  (+1+1)

(i+1,))

(ij)
i)

Figure 3.6: The Surface Discretization of a Vector

in Figure 3.5; and the second uses the orthogonal projections of the vector on the direction
which is perpendicular to the surfaces of 3-D cells at the centers of the cells. Because the
3-D cell is a right prism, we can interpret these components as the orthogonal projections on
the directions which are perpendicular to the sides of the cell, as in Figure 3.6. The notation

WS¢y 1i=1,...,M;j=1,...,N—1 (3.6)
is used for the component at the center of side S¢; ;), and the notation
WST/(LJ):i:17"'7M_1;j:17'--7N (37)

is used for the component at the center of side S7; ;). Note that the two components of a
vector are defined at the same point.

3.2 The Spaces of Discrete Functions

The spaces of discrete scalar and vector functions need inner products. For scalar functions
this is straight forward, but for vector functions, there are two spaces: HAN for the nodal
discretization; and HS for the surface discretization. Neither inner-product is simple because
of the use of K in the inner product and, in both cases, the values of K are not given at the
same points as the vector components.

3.2.1 The Space of Discrete Scalar Functions

The space of discrete scalar functions is labeled HC and has the inner product

M-1 N-1
(U, Viee = > > Uiy Vi) VCay)
=1 j=1
M-1 N-1
Uio) Viio) S + D Uvyy Vi) S€v.i) (3.8)
=1 7=1

_|_
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M-1

N-1
+ Y Uiy Vi Sniaan + D Uto,gy Vio,) S -
7=1

=1

3.2.2 The Space of Discrete Nodal Vector Functions

The space of discrete nodal vector functions is called HN and the inner product on this space
is given by (-, -)na. Note that K and consequently K~' are defined at cell centers, but the
components the vectors are defined at the cell nodes, which complicates the definition of an
inner product. At first, we assume that the components of the vectors A and B are defined
at the cell centers, and then a natural inner product in the space vector functions is

(ff, é) = Z > (KT! 4, 5)(2',]‘) Vi), (3.9)

where (K™! /T, é) is the inner product of vectors K—! A and é, and the inner product of
two vectors A and B is

(A, B)= AX BX + AY BY . (3.10)

For this type of discretization it is natural to assume that tensor K is given by its
Cartesian components:

K., K,,=K,, K,, (3.11)
and

S ( K..AX + K., AY ) (3.12)

KA=1\ k., Ax +K,, AY

and consequently
(K" 4,B) = (K", AX BX + (K™"),, (AX BY + AY BX) + (K™'),, AY BY . (3.13)

For simplicity, introduce the notation KI = K~ for the matrix inverse of K.
Because the vectors are defined at nodes, and not at the cell centers, to define the inner
product for the space of nodal vector functions HA', we must interpolate the vectors. We

define
(A, B)yn = > Y (KIA, B)ij VCij (3.14)

where the inner product in a cell is given by

(K14, B), Z Vi (3.15)

k,1=0
{(Klm)m AX(ivr ) BX(injen+
(KIxy)(Z'J‘) [AX(H-k,jH) BY itk 40 + AY (x40 BX(H—k,j-H)] +
(KIyy)(i,J‘) AY(i—l—k,jH) BY(H-k,J‘H)}
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and the V(E-f-]k)ﬁ-l) are weights satisfying

Z Vz—l—k,]—l—l = (3.16)

k,[=0

In this formula, each index (k,!) corresponds to one of the vertices of the (z,7) cell, and
the notation for the weights is the same as for the angles of the cell. As was shown in [15],
to obtain a first-order approximation for gradient operator, it is necessary that the weights
V(5-|—k)]-|—l) are one half of the area of the triangle in (7,7) cell, which contains angle at the
node (z + k,7 4 1), divided by the volume of the cell VO
Because the weights are positive if the cell is convex, we are guaranteed that the discrete
analog of variable-coefficient Laplacian is positive-definite (see [15] for details). When the
cell is not convex, we modify the definition,
7 (1,7) _ ‘V(E':Jk),yﬁrl) ‘
(i+k,j+1) — ‘V

, (3.17)

p7q 0| Y (i4p.j+q)

to give positive weights (see [15]). For convex cells, the two definitions coincide.

3.2.3 The Space of Discrete Surface Vector Functions

The space of discrete surface vector functions is called HS and the inner product on this
space is (-, -)ns. Again, there is the problem that the components of the vectors are not
defined at the cell centers where K is defined. We use the same approach and notation as
before for the basic weighted inner product (3.9).

When the vectors are defined at cell centers and K = I, then the formula for the inner
product (3.9) in terms of the components of the vectors perpendicular to the cell sides
must be defined (see Figure 3.7). Suppose that the ¢ and 7 axes form a non-orthogonal
basis system and that ¢ is the angle between these axes. If the unit normals to the axes
are nS{ and nSn, then the components of the vector W in this basis are the orthogonal
projections WS¢ and W Sn of W onto the normal vectors. (See the discussion in Chapter 2
of Knupp and Steinberg [9] for more details.) A simple vector algebra calculation shows that

if A= (ASE, ASm) and B = (BS¢, BSn), then the expression for the inner product is

ASEBSE+ ASn BSn + (ASE BSn + ASn BS¢) cos(p)
sin’(s) '

(4,B) = (3.18)

We now consider the case of a non-diagonal matrix K with the Cartesian components

K K
K= o S 3.19
( Koy Ky ) ( )

Denote by ¢y and 9, the angles between the z-axis of Cartesian coordinate system and the
first and second axes of local coordinate system, respectively (see Figure 3.8). In terms of

14



Figure 3.7: The Components of a Vector in a Local Basis

Figure 3.8: The Angles ¢1 and s
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the coordinates of vectors in the local basis system, the inner product (KI /T, 5) is

T11 AS¢ BSE + T22 ASy BSy + T12(AS¢ BSy + ASn BS¢)

(KI' 4, B) = )

, (3.20)

where

T11 = KI,, cos? ¢1 + 2KI1,, cosp; sinp; + K1, sin? w1,
T12 = KI,, cosp; cosp,

+ 2KI,, (cos g1 sin @y + sing; cos py) + K1, sin ¢q sin g,
722 = KI,, cos® w2 + 2KI1,, cosp; sinpy + K1, sin? v .

This formula is used to obtain the discrete inner product in the cell:

.o L A
(KIA, B)ujy= D — o) (3.21)
k,i=0 SII1 (@(H—k j-|—l))

[Tllgzik J+) ASé- (i+k.7) BSé- (i+k.7) —I' TZZEH_k J+) AST/ (7,5+10) BST/ (¢ ]-I-l

(— 1)k+lT1283§]+; (A5€(¢+k,j) BSng iy + ASni 1) BSﬁ(iM,j))] :

where, for example,

(4,4) _ (4,4)
Tll(z-lj—k]-l—l) = (KIl’l’)(i,j) cos (( )(z—l—k]-l—l))

2 (KL, cos ((90)(3h40) sin (00 H10)

+ (KIyy)(i,J‘) sin ((‘PI)EH-L ]+l)) :
That is, the values of matrix elements are defined in the cell (¢, 7), and the angle ¢, is related
to the corresponding vertex of the cell. The formulas for 712 and 722 are similar. In general,

the notation is the same as for any quantity related to cell and vertex. Finally, as in (3.14),
the inner product in HS is given by

N M—-1N-— 1 N
(4, B)x K14, B)ijVCij. (3.22)

=1 ]:1

3.2.4 The Formal and Natural Inner Products

To compute the adjoint relationships, it is helpful to introduce a formal inner products, [, ],
in the spaces of scalar and vector functions. In HC

M-1 N-1

U, Vige = > > Uuj Vi (3.23)
=1 j=1
M—1 N-1 M—1 N-1
+ Uiy Vioy + 22 Uy Vg + 22 Uiy Viony + 22 Uiy Vioy)
=1 7=1 =1 7=1



in HN

M N M N
[A, Blpw =) > AX(ij) BXi )+ ) AV BY (i), (3.24)
=1 j5=1 =1 j5=1
and in HS
L . M N-1 M-1 N
[A, Blus =Y > AS&u BSEuy + X D ASnq) BSna,j) - (3.25)
=1 j=1 =1 7=1

Then the relationships between the natural inner products and the formal inner products
are:

(U, V)gc = [MU, V]ge, (/T, E)HN = [fo, E]HS; (/T, E)HS =[S A é]HS;

where M, NV, and S are matrices.
Formulas for these matrices can be found by direct comparison of the formal and natural
inner products. The formula for M is

(MU)(%]) == VC(Z'J)U(Z"]‘), ’izl,"',M—l; jzl,"',N—l.
(M U)(%]) == 55(27]) U(i,j) s ’L = 0 and ’L = M; ] = 1, s ,N — 1 (327)
(MU)(%]) = 577(2'7]‘)[](2'7]‘), ’izl,"',M—l; ijandj:N.

From these formulas, we see that the matrix M is a symmetric positive-definite operator in
the formal inner product:

[MU, V]Hc:[U,MV]HC’, [MU, U]HO>0- (328)

The operator A/ can be written in block form:
—"_ N11 N12 AX o N11 AX—|—N12 AY
NA o ( N21 N22 ) ( AY ) o ( N21 AX + N22 AY ) ) (329)

A comparison of the formal inner product (/T, E)HN given in (3.14) and the natural inner
product gives

M N

=1 7=1
[(Noy AX) 5 ) + (Naz AY )5 jy] BY (i} -

Note that all components of operator N are diagonal operators,

(N1 AX)
(Nyy AX)

=nlli;) AXij), (NizAY)
=n2l;) AXij), (N2 AY)

=12 AY( ),

(4:3)
(4:3)

(4:3)
(4:3)
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(i+1,))

Sz

Figure 3.9: The Stencils for the Operators 512 and S91

and the diagonal elements are given by

1—1
(i—1,5—1) (4,5-1)
+ (KIm)Z Lic1) m +(K1m)<i,j—1> Vig)
n12(27]) (KIxy) (KIl’y)(i—l,j) I/(E'fj_)l’])
—I_ (KIl’y) 2 1,7— 1 22])1] 1) —I_ (KI$y)(ivj_1) ‘/(Ef}])_l)7 (332)
i1,
n21(m) = (KIxy) (KIl’y)(i—l,j) V(E’,j) )
(i—-1,5-1 t,j—1
+ (KIxy)Z 1j-1) u) /- )+(K1w)w—1) V(Evz‘]) ',
n22(27]) = (KIyy) (KIyy)(i_l,j) ‘/(Efj_)ld)
(i—1,j—1) (4.5-1)
+ (KIyy) (i-1,j-1) u) - —I_(KIW)(LJ'—U V(ZJ]) )

This operator is symmetric and positive-definite in the formal inner product:

—

IN A, Blyy = [A, N Blun, [N A, Ay >0. (3.33)

The operator & can be written in block form:

g 511 512 AS& 511 AS& + 512 AS’)’]
i _ . 34
s ( Su S ) ( ASn ) ( Sy ASE + Sy ASY (3:34)

The operators S1; and S are diagonal and the stencils for the operators Si5 and Sy are
shown on Figure 3.9. A comparison of natural inner product (4, B)ys and the formal inner
product

MZ

. M
[SA, B]HS = Z

=13
M-1

+ 2.

(511 ASE)i.jy + (S12 AST)(i.1)] BSEij) (3.35)

Il
—

Mz

[(S21 ASE)(M‘) + (S5 ASW)(i,J’)] BSn.,),

1

.
—

ECH
Il
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gives

(S ASE) .,

BRI ) ASE(ij) 5
k=0 51 (‘P(i,ﬂ-z))

Vi T12053)

(—1)iHt L) (i_k(,j)];r) AST(ikj+1) 5 (3.36)

1

> -

k,1=0 5111 (90(2',]'4—1)
1

>

(512 AS??)(Z',;)

(4,j—F) (4,j—F)
(_1)k-|—l V(i-l-lJ) 2

(i+4.4)
sin2( (m‘—k))] ASf(iH,j-k);
m1=0 Pli+l,d)
L L=k poglii=k)
i+, i+,
(S22 ASn)(LJ‘) - (Z ( . ]2) (m‘_(k) e AS’?(z’,j)-
rizo  sin (@i )

(821 ASE),,,

We remark that these formulas are valid only for: =2,--- M —2; 7 =2,--- N — 2, but
it is easy to show that if fictitious nodes are introduced for 2 = 0,2 = M + 1, 7 = 0, and
J = N + 1, whose coordinates are the same as for the corresponding real nodes, then the
formulas are valid for all 2 and 5. If all the weights V(f]q) are positive, then the operator S is
symmetric and positive-definite in the formal inner product:

[S A, Blus = [4, S Blns, [SA, Alys>0. (3.37)

4 The Finite-Difference Method

We now use the support operators method to derive a discrete the divergence, flux operator,
and variable coefficient Laplacian. We first derive a discrete approximation to the divergence,
and then use this discrete divergence to derive the approximations to the flux operator and
Laplacian using discrete analogs of the integral identities. Because the principle role of the
divergence operator, we call it the prime operator. Because the discrete approximations for
the flux operator and Laplacian are derived from the prime operator, they are called derived
operators.

4.1 The Prime Operator

A natural conservative invariant definition of the divergence operator is

A | S o
diva = ‘1/1£n>0 v V(w,n) av . (4.38)

This identity is used in [17] to derive a discrete analog DIV of the divergence div, for both
the nodal and surface discretizations.
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4.1.1 The Nodal Discretization for Vectors

Here the cell discretization of scalar functions and the nodal discretization of vector functions
is used. In the interior of the region, the prime operator D = DIV, which is the discrete
analog of the divergence, is given by

(D W)(m‘) = Vcl(”,){
[(WX(M') — WX(i+1,j+1)) (y(i+17j) - y(m‘+1))
— (WX(i+17j) - WX(Z}J‘H)) (y(m) - y(i+1vf+1))] - (4.39)
[(WY(M‘) — WY(Z'-|-1,]‘-|-1)) (m(i+1,j) - m(m‘+1))

B (WY(Z'HJ) - WY(ZEHI)) (“’(m‘) - “’(i+1,j+1))] I

while on the boundary D gives an approximation of the normal component of vector. For

example on the “bottom boundary” where j =1andz=1,---, M — 1, a unit normal vector
1s
Yea+1,1) Y61 TlE+1,1) T m(m)) 4.40
( 1€ ’ 1€ ’ (4.40)

where, because the problem is two dimensional, [§{ = Sn and In = S¢ are the lengths of the
edges of the cell, and then D is given by

2 WX+ WXit11) Yes,1) — Y
(D W)(ZEO) = - ( 2 lé-(l)
B WYu1)+ WYi11) Tg1) — m(i,l))
2 i '

(4.41)

4.1.2 The Surface Discretization for Vectors

For a cell discretization for scalar functions and a surface discretization for vector functions,
the prime operator (discrete divergence = D = DIV ) is defined in the interior of the region
by
(DW) 1
(i) =
VCii

{ (4.42)

(W SEi11,5) Siivri) — WSEi sy Siiy) +
(W Sn06541) Snien) = WSniis) Sniiy)

while on the boundary D gives an approximation of the normal component of a vector:

(D ) ——WSU(M), 1=1,--- M—1,
(DW)iny) = +WSnuny, t=1,---,M—1, (4.43)
(DW)o,) = -WS€ajy, 7=1,-,N—-1,
(DW)arjy) = +W Sy, j=1,---,N—1.
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4.2 The Derived Operator

The derived operator G is the discrete analog of the flux operator, and is defined by G = D*.
Here the adjoint is taken in the natural inner product. For the surface discretization on
arbitrary grids, it is not possible to write a explicit formula for the components of the
operator G. However, it is possible to express G in terms of M, §, and D. For the nodal
discretization, § can be expressed explicitly in terms of M, A, and D.

4.2.1 The Surface Discretization for Vectors

For the cell discretization of scalar functions and the surface discretization for vectors, G is

computed by finding the adjoint of D : HS — HC:
(DW,0) e = (W, D*U)xs, (4.44)
which can be rewritten in terms of the formal inner products as
[DW, MUpc = [W,S8 D Ulns - (4.45)
The formal adjoint D! of D is defined to be the adjoint in the formal inner product, so
(W, Dt M Uys = [W, 8 D*Ulns - (4.46)
This relationship must be true for all W and U, so
D'M =8D", (4.47)

which gives
G=D"=S"'D' M. (4.48)
Because S is banded, S is likely to be full (unless § is diagonal). Hence, G is full and

has a non-local stencil. This is not a serious problem, because we do not need to explicitly
form G. The discrete fluxes are

W=¢gU=8"'D' MU, (4.49)
and if the operator S is applied to both sides of this equation, then
SW=DMU. (4.50)

The operators on both sides of this equation have a local stencils.
These equations are similar to the finite element and compact finite difference methods
that can be expressed in the form (4.50) with local stencils. (see, for example, [10, 1, 11]).
To find the fluxes for given temperature, from (4.50) we must solve a system of linear
equations. The discrete operator S is symmetric positive-definite and with five non-zero
elements in each row (see (3.36) and Figure 3.9). In Section 4.6, we discuss possible solution
approaches.
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The relationship (D W, Dpe = (W, D* U)ns implies that
W, D' MUJus = [DW, MU]ys. (4.51)

The right-hand side of this formula can be evaluated using (4.42) for D and summation by
parts to give:

Sy Uiy — U1 jy)
—(D"MU N :< (i,5) \Y (4.4) (i—=1,5) ) 4.59
( Lm S5 (Ui — Ugij-1)) (4.52)

4.2.2 The Nodal Discretization for Vectors

In the case of the cell discretization of scalar functions and the nodal discretization of vectors,
an argument similar to that given in the previous section gives

D' M = ND, (4.53)
which gives
G=D"=N"D' M. (4.54)

Note that the operator D here is not the same as in the previous section. As before, the
fluxes are given by

W=¢U=N"'"DtMU, (4.55)
where W = (WX, WY). Applying the operator N to both sides gives

NW =D MU . (4.56)
To simplify the notation, introduce F:
NW=F=D'MU. (4.57)

where F = (FX,FY). As before, the operator A is given by a two by two block of operators,
but in this case, the blocks are diagonal, so A/ can be inverted explicitly by solving the left-
hand equation in (4.57). The explicit form of this equations is

’nll(m) WX(M') + n12(m) WY(M) = FX(M‘) , (4.58)
’)’L12(27]) WX(%]) —|— ’)’L22(27]) WYv(Z'J) = FYv(Z'J) ;
and the solution is
_ FXijyn22i5) — FY,5) n126,)
TL]_]_(Z’]) ’)’L22(27]) — ’)’L]_Z(QZJ)
_FX(j)nl2) — FYi5nlliy,

TL]_]_(Z’]) ’)’L22(27]) — ’)’L]_Z(QZJ)

WX : (4.59)

WY =
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The relationship (D W, Dpe = (W, D* U)yy implies that
W, D' MUy = [PW, MU]pne . (4.60)

The right-hand side of the last formula can be evaluated using Formula (4.39) for D and
summation by parts to give an explicit formula for F = D' M U

~FXip = 0.5 {(y6s10 — vir10) Uiy + (imr) — 6iem) Ui
+ (y(m‘_n - y(i—l,j)) Uiiz1,j-1) + (y(¢+1,j) - y(m‘_n) U(i,j—l)} :
The formula for F'Y is given by changing y to —z in the previous.

4.3 The Discrete Operator Equations

For both discretizations, the discrete analog of the continuum operator Q (2.11)), is defined
by
0, 1n the interior,

(€ U)(m) - { aij) Uiz, on the boundary. (4.61)

The finite difference method approximating the first-order system (2.6), written as an analog
of the continuum-operator system (2.13), is

QU+DW =F, W=GU. (4.62)

Then the discretization of the second-order equation (1.1), which is an analog of the operator
equation (2.8), is
AU=(Q+DG)U=F. (4.63)

For both discretizations, in the interior of the cells, Equation (4.63) is

(DW)( y = DIVWi,) = fei- (4.64)

]
The approximation of the boundary conditions is

(DW) ) + i Uiy = i (4.65)
where, on the boundary, the operator D is an approximation of the normal component of
the vector.

Also, for both discretizations, the fluxes are determined from

W=_Gu. (4.66)

For the cell-node discretization, the operator G can be constructed from (4.59) and (4.61)
and there are local explicit formulas for the fluxes. (see Figure 4.10). For the cell-surface
discretization the operator G is non-local (see Section 4.2.1) and, consequently, there is no
local explicit equation for the fluxes.
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Figure 4.10: The nine-cell stencil for the cell-node discretization for the operator A

4.4 The Discrete Operators on a Rectangular Grid

On orthogonal grids and for diagonal K, the interior discretizations discussed in this paper
reduce to well-known discretizations. In this section we consider the case where K = kI
on a rectangular grid with the cell sides S¢; ;) = hY and Sn;; = hX and cell volume
VCij = hXhY

4.4.1 The Cell-Node Discretization
For the cell-node discretization, the DIV operator (4.39) is

- 0.5(WX(01.+WXip1; —05(WX; n+ WX,
(DIV W)(%]) _ ( ( +1,]) —I_ ( +17]+1}z;( ( ( 7]) —I_ ( 7]+1)) (4:67)
0.5(WY¥{it1,i+1) + W¥ii41)) — 0.5 (W¥{iq1) + WY(iy)

LY ’

which is a natural discretization for a rectangular grid.
The operator G from (4.56) is more complicated. First, the operator N is given by (3.29)
through (3.32). On a rectangular grid the formula for nll becomes

1
1
nlli ;) =0.25RX hY )

) (4.68)
k,I=0 K(i—r.j-1)

This can be written in terms of the two-dimensional cell-to-node harmonic average

. 1 ¢ 1 -
ken=7 2 —— (4.69)
k=0 Mi—kj-10)
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X X X X x X
(-1j+1) | (j+D) | (i+1j+1) (-1j+1) | (j*+1) | (+1j+1) (-Lj+1) | (ij+1) | (i+1j+1)

x x X X x X X
(EH) (i) (i+1j) (i-1) () | 1) (-1j) () | (1)
X X X x x X
(-1j-D) | (ij-) | (i+1j-1) G(-1j-0) | (gD | G+14-1) G(-1j-1) | (-1 | (i+1j-1)
a) b) )

Figure 4.11: The Stencil of the Laplacian for: a) Cell-Node Discretization: Rectangular Grid
b) Cell-Node Discretization: Square Grid ¢) Cell-Surface Discretization: Rectangular Grid

Next, (4.61) is

—FXy = 0.5hY {Uiy) = Uiy = Uiy + Ugion } (4.70)
= Y {05 (Ui + Ugijor)) = 0.5 (Uimrjy + Ugmrgon)) }

which gives

[~

WX =

. {0-5 (Ui + Utig=n) = 05 (Ui-1) + Ugi-1,-n) }
i :

hX

WY = kay)

0.5 (Ui + Uii-1.5)) — 0.5 (Ugij=1y + Ugi—1,j-1))
{ d d - d d .@n)

The expressions in curly braces is an approximation for the derivatives Ou/0z and Ou/0dy.
The stencil for the discrete analog of the Laplacian div grad is given by choosing K = I:

1 1 -1 1 1 1
4hX2 + 4RY? | 2hX2 + 2RY2 | 4hX2 + 4hY?

(4.72)

1 -1 -1 -1 1 -1
2hX2 + 2hY? hX?2 + hY?2 2hX? + 2hY?2

1 1 -1 1 1 1
4hX2 + 4RY? | 2hX2 + 2RY2 | 4hX2 + 4hY?

When the grid is square, the stencil becomes the five-point stencil shown in Figure 4.11. On
a square grid, the cell-node Laplacian has a nontrivial null space that includes the checker
board mode.

4.4.2 The Cell-Surface Discretization

For the surface discretization of vectors, Formula (4.42) gives the operator DIV as

ﬁ WSEir — WS WS — WSn,
(DIV W)(Z7]) — E( +1,]}3/X E( 7]) _I_ 77( 7]+1})LY 77( ,]) 7 (473)
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which is also a natural discretization for rectangular grid.
The operator G is computed from Formula (4.50), and involves the operator S given by
(3.36). For orthogonal grids S is diagonal (the sines of all angles are one and the cosines of

all angles are zero). Also, all V(Ep]f) are equal to 0.25 hX Y. Using (4.52), Equation (4.50)

for internal cells becomes

(0.5 RXRY Y

k=0,1 (i—k.j)

1

) WS¢ =hY (Ui — Ui-1,) (4.74)
or
2k(i-1) K Uty = Uli-rg)

Thus, on rectangular grids, the cell-surface discretization leads to the well-known harmonic

WSE ;) = (4.75)

average for the coefficient k in the ¢ direction. The formula for W S7 is similar:

2k -1 kiy) Uiy = Uiyg-n)
k(ivj_l) —I_ k(%]) hY 7

WS, = (4.76)

and contains the harmonic average for k in 7 direction.
The fluxes on the boundary are one-sided differences. For example, on the left boundary

Uy — V) Uiy — Uiy

o= ko s i = kg 4.
Wi =kan —rx 0 Wi =key — 5y (4.77)
The discrete analog of the Laplacian div grad is
Uerg) =2V + Uiy | Y = 2V + Ui (4.78)

hX? hY?

which is the usual five point approximation on a rectangular grid with the stencil shown in
Figure 4.11.

4.5 Theoretical Properties of the Algorithms

For the cell-surface discretization, the properties for the operators div and grad were inves-
tigated in Shashkov and Steinberg [15], where it was shown that the divergence of a constant
vector is zero, that for smooth grids the point truncation errors for the divergence DIV
and for the gradient GRAD are second order, and for general grids, DIV and GRAD are
first-order accurate, and that the DIV is exact for integral truncation error. In the Ap-
pendix A, we show, using a rather lengthy geometric calculation, that for piecewise constant
K, the discrete analog of K grad is exact on piecewise linear functions. In the following
subsection, it is shown that, for the cell-surface discretization, the null space of G is exactly
the constants, while for nodal discretization on square grids, the null space of G contains
highly oscillatory checker board grid functions in addition to the constants.

In Section 5, the approximation properties of the variable-coefficient Laplacian div K grad
are numerically shown to confirm these theoretical results.
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4.5.1 The Null Space of the Operator G

For the cell-surface discretization, we prove that GU is zero if and only if U is constant.
Formula (4.48) gives
GU=8"'"D' MU, (4.79)

and then, if U is a constant, (4.52) shows that DT MU =0, so GU = 0.
Conversely, assume that G U = 0. Formula (4.79) and the fact that operator S is positive
definite gives

D'MU=0. (4.80)
This and Formula (4.52) then gives:

U(Z'7]‘)—U(i_17]‘):0; ’izl,...,M; jzl,...,N—l;
U(Z'7]‘)—U(i7]‘_1):0; ’izl,...,M—l; jzl,...,N;

which implies that U is a constant. Therefore the null space of the discrete operator G is
the constant functions, exactly as for the differential operator k grad.

For the cell-node discretization, the situation is quite different: in the case of a square
grid, Formula (4.61) shows that both the constant function U; ;) = 1 and the “checkerboard”
function Uj; ;) = (—1)"* are satisfy G U = 0, as do any linear combinations of these functions.
The checkerboard solution or mode is well known, especially in computational Lagrangian
gas dynamics, where it leads to the so-called “hour-glassing” instability [13]. In case of
elliptic equations, this mode leads to the presence of high-frequency noise in the solution, as
illustrated by the numerical examples in Section 5.

4.6 Solving the System of Linear Equations

The discrete equations for both the cell-node and the cell-surface discretization have the

form (4.62):
QU4+DW=F, W=GU. (4.81)

The fluxes can be eliminated from this system to obtain an equation for U:
AU =QU +DGU =F, (4.82)

where A is symmetric and positive definite.

For the cell-node discretization, the operator A is symmetric and positive definite, and
has a local 9 cell stencil. In our numerical examples to compare the accuracy of the methods,
we used a simple SOR iteration to solve this system. More efficient iteration methods, such
as multigrid [3, 4, 19, 2] or incomplete Cholesky conjugate gradient methods [8], could also
have been used to solve these equations.

For the case of cell-surface discretization, the operators G and A are non-local and, there-
fore, algorithms that require explicit expressions for A are impractical for large problems.
The equations can be formulated so that algorithms, such as preconditioned conjugate gra-
dient methods, requiring only a multiplication of a vector by A can be used. Given U,
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AU can be computed efficiently by solving (4.50) SW = Dt MU, for W and evaluating
AU = QU + DW. All operators in this formulation are explicitly known and local. More-
over, because S is a positive definite symmetric local operator, the equation for W can be
solved efficiently with iterative methods. On orthogonal grids S is a diagonal operator, and
all steps of this procedure are local.

Other efficient algorithms to solve this system include the family of two-level gradient
methods, including the minimal residual method, the minimal correction method, and the
minimal error method. All these methods can be written as

s+1 s
BMJrAU(S) —F, (4.83)

Ts

where U®) is approximate solution to U"t!' on iteration number s, 7, some iteration pa-
rameter, and operator B is preconditioner. A family of three-level iteration methods, which
require only the computation of AU include the three-level conjugate-direction methods,
like the conjugate gradient method. All these methods can be written as

BUGT) = a,, (B — 7511 A) A (I —as1) B U™ + gy 7ot F
BUW =(B-n AUV + 1 F.

The effectiveness of these methods strongly depends on the choice of a preconditioner. The
simplest Jacobi type preconditioner approximates & by its diagonal blocks. This is exact for
orthogonal grids and produces a five-cell symmetric positive-definite operator corresponding
to removing the mixed derivatives from the variable-coefficient Laplacian on non-orthogonal
grids.

4.6.1 Solving for the Fluxes

Given U, the system (4.50) must be solved to obtain the flux. In our examples, we used the

block Gauss-Seidel algorithm:

811 WSé-(S-H) + 812 WS’)’](S) == FX, (484)
821 WSé-(S-H) + 822 WS’)’]<S+1) == .7:)7, (485)

where (s) and (s + 1) are iteration indices. Equation 4.84 gives all WS¢(+!) fluxes for the
new iteration (s41), and then from equation 4.85, all fluxes W Sn*+!) can be found. Because
the matrix of the operators §1; and S, are diagonal, systems 4.84 and 4.85 can be solved
explicitly. Because the operators for these equations are symmetric and positive definite, the
block Gauss-Seidel method always converges.

Another approach to solving (4.50) is to use the fact that the operators Sy, and Ss, are
diagonal, and then eliminate either WS¢ or W Sn from 4.84. For example, to the equation

resulting from eliminating W S 1s

(811 ‘|’ 812 82_21 821) WS€ == FX - 822 .7:)7 (486)
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Figure 4.12: The Stencil for WS¢

The operator of this system,
(511 + 812 83 521) ) (4.87)

is symmetric and positive definite, and has the local stencil shown in 4.12.

5 Numerical Examples

The examples in this section, summarized in Table 5.1, solve the elliptic PDE (1.1) and were
chosen to illustrate how the cell-node and cell-surface algorithms perform for discontinuous
nondiagonal K and on nonuniform grids. The first example verifies that the algorithms are
exact for linear solutions on random logically-rectangular grids. Examples 2, 3, and 4 are
used to compare the convergence rates of the algorithms for various kinds of coefficients and
grids. Examples 5 and 6 show that the algorithms can compute accurate total fluxes for
very rough K. Example 7 confirm that the algorithms produce reasonable results for the
case of non-diagonal and discontinuous K and non-uniform grids, while Example 8 verify
that for non-diagonal and discontinuous K and non-uniform grids, but where the solution
is piecewise linear, that the cell-surface algorithm is exact and the cell-node algorithm is
second-order accurate.
The asymptotic truncation error E; on a grid of M x N nodes,

1 1

M-TN-1" (5:)

h = max{

is estimated by
| Ex|l = C h* + O(R™*1), (5.2)

where ¢ is the order of the error, and the constant C, the convergence-rate constant, is
independent of h, and || - || is some norm.
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K |K |grd

# | name diag | cont | uniform
5.1 yes | no no
5.2 | MacKinnon | yes | no no
5.3 | Crumption 1 | no yes | yes
5.4 | Crumption 2 | no no yes
5.5 | Jikov yes | no yes

5.6 | Durlofsky 1 | yes | no yes

5.7 | Durlofsky 2 | no no no

5.8 | Das no no no

Table 5.1: Summary of Examples

In the numerical examples the truncation errors were evaluated on a sequence of grids
h,h/2,h/4,... and the convergence rates estimated from the ratio between the norms of

the errors (5.2) and
B

2

The order of convergence g can be estimated by

1Enpell = C o+ O(A™). (5.3)

. || Bl
2 .
|| Enell

g~lo (5.4)

In the numerical experiments, continuum functions are discretized using the projection
operator

(prw)i; = ulz;,y;;)

where z7 ;,y¢ . are the coordinates of geometric center of the cell.

The convergence rates were estimated using both the maximum norm
Bpar = U = prtt |[mao= max Ui j — (pn u)i |
27]

and the mean-square norm

M-1N-1 , 2
Er, =|| U —pru||z,= (Ui; — (pru)i;)” VCij | (5.5)

=1 =1

where U is the solution of the finite-difference method and w is the exact solution.
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Figure 5.13: Ezample 5.1 and 5.2: A Random Grid, M = N =17

5.1 Piecewise Linear Solutions

The first test problem has a diagonal diffusion coefficient, that is, K(z,y) = k(z,y) I, where
I is the identity matrix, and k is piecewise constant:

k:{k1,0<az<0.5 (5.6)

ko, 0b<z <1

On the top and bottom boundary, the flux is equal to zero, while on the left and right
boundaries, the mixed boundary conditions

Ou Ou

are used. The steady-state solution of this problem is

ko 242k ko
{ 0.5 (k1 +ko)+4ky ko ? 0<z<0.5, (5 8)
u ) .
k]_ l’+2k1 k2-|—0.5 (kZ_k]_)
0.5 (ki+kg)+ak ks ? 0bh<z<l,

that is, the solution is a piecewise linear function.

This 1-D problem is solved on the 2-D random grid in the unit square shown in Figure
5.13. This mesh was generated by perturbing an initial uniform cell width of w by displacing
each node to a random position on a circle of radius 0.2 w centered about the original position
of the node. Because our methods require that any discontinuity line coincide with a grid
line, the line z = 0.5 is kept as a grid line, so only the y coordinates for the nodes are changed.
Note that such grids satisfy the regularity condition for grids formulated in Section 3. This
example verifies that our cell-surface method is exact for this problem. The isolines of the
approximate solution are shown in Figure 5.14.
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Figure 5.14: Ezample 5.1: The Isolines for the Approzimate Solution, M = N = 17

5.2 Piecewise Quadratic Solutions

The second test problem is from MacKinnon and Carey [12], where the diffusion equation
has a constant right-hand side of one, and the diffusion coefficient is the same as in the
previous problem. The exact solution is one dimensional:

{ afl%‘l‘blm; Oﬁmﬁ%;

2
1
a5 +brt+c, <z

u(z) = ) (5.9)

IA
—

?

-1 ks ks
= by = —0.25(3 by=—0b = —(by+0.5a,). 5.10
1 (a2+a1)k1—|—k2’ 2 K, 1, €2 (b2 + az) ( )
For this problem, the flux is equal to zero on the top and bottom boundaries and for the
other boundaries, the following are used: on the left boundary

Ou
u—2k16—m:—2k1b1, (511)
and on the right boundary
u—|—2k26—u:0.5a2—|—b2—|—c2—|—2k1(a2—|—b2). (512)

Oz

As in the previous problem, the 1-D problem is solved on a 2-D random grid on the unit
square that is shown in Figure 5.13. The approximate solution for M = N = 41 is shown
in Figure 5.15. Results of the convergence tests on random grids are presented in Table 5.2,
where the first column gives the number of grids points with N = M, the next two columns
give the maximum and mean-square error, and the final two columns give the estimated
convergence rate as second-order in both the max and mean-square norms.
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Figure 5.15: Ezample 5.2: The Piecewise Quadratic Solution

M-1 max Ly-norm | gz | 92
norm
10 | 5.98E-2 | 3.40E-2 | 1.88 | 1.99
20 | 1.62E-2 | 8.54E-3 | 1.98 | 1.96
40 | 4.10E-3 | 2.18E-3 - -

Table 5.2: Ezample 5.2: Convergence Rates for a Random Grid: MacKinnon and Carey
Test Problem
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Figure 5.16: Ezample 5.3: The Pressure for the Cell-Node Discretization, M = N = 33

Method M max Ly-norm | gae | ¢2
norm
Cell-Node |17 | 3.74E-3 | 1.06E-3 | 1.84 | 2.03
33 | 9.66E-4 | 2.58E-4 | 1.97 | 2.02
65 | 2.45E-4 | 6.36E-5 - -
Cell-Surface | 17 | 5.11E-3 | 1.68E-3 | 1.92 | 2.01
33 | 1.35E-3 | 4.15E-4 | 1.95 | 2.09
65 | 3.48E-4 | 9.73E-5 - -

Table 5.3: Ezample 5.3: Convergence Rates: Cell-Node and Cell-Surface Discretizations

5.3 Non-Diagonal Continuous K

Problem 1, from Crumpton, Shaw, and Ware [2], has a constant non-diagonal K, defined on
the unit square with Dirichlet boundary conditions obtained from the exact solution. The

permeability is
2 1
K = ERE (5.13)

where K is a positive definite matrix. The true solution is u = ", which corresponds to

this right-hand side
flz,y)=—2(1+z* +zy +y*)e™. (5.14)

Figure 5.16 displays the approximate solution for M = N = 33 and the cell-node dis-
cretization. Convergence-rate data for the cell-node and cell-surface discretizations are in
given in Table 5.3, which indicates second-order convergence rates for both methods, both
in max and L, norms.
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Method M max Ly-norm | gae | ¢2
norm
Cell-Node | 17 | 1.00E-2 | 7.98E-3 | 0.82 | 1.17
33 | 5.66E-3 | 3.53E-3 | 0.90 | 1.03
65 | 3.02E-3 | 1.72E-3 - -

Cell-Surface | 17 | 9.63E-3 | 7.05E-3 | 1.89 | 2.02
33 | 2.59E-3 | 1.73E-3 | 1.96 | 2.12
65 | 6.72E-4 | 3.96E-4 - -

Table 5.4: Ezample 5.4: Convergence Rates: Cell-Node and Cell-Surface Discretization

5.4 Non-Diagonal Discontinuous K

This test problem from Crumpton, Shaw, and Ware [2] is defined on the square [—1,1] x
[—1,1], with Dirichlet boundary conditions. The diffusion coefficient is given by

10
(0 1), z <0,

K = (5.15)

2 1
a(l 2), z>0,

where the parameter « is used to vary the strength of the discontinuity at « = 0. The exact
solution 1s:

[2 sin(y) + cos(y)] ez +sin(y), <0,
u(z,y) = : (5.16)
exp(z) sin(y), =z >0,
The right-hand side, which corresponds to this solution, is also discontinuous:
[—2 sin(y) — cos(y)] az —sin(y), =z <0,
f(z,y) = (5.17)
2 a exp(z) cos(y), x>0,

No special discretization is needed for the right-hand side because our method uses a cell-
centered discretization for u and the discrete analog of operator div Kgrad whose domain
and range coincide with HC, and the right-hand side is also assumed to be given in the cells
and the material discontinuity coincides with a grid line.

Figure 5.17 displays the isolines for the approximate solution for M = N = 17, and
o = 1. Table 5.4 gives the convergence-rate data for both the cell-node and the cell-surface
discretizations. This data verifies the second-order convergence rate for cell-surface algorithm
and a first-order convergence rate for cell-node algorithm.
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Figure 5.17: Ezample 5.4: The Isolines for the Pressure, M

Figure 5.18: Ezample 5.5: Pattern for Homogenization
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Figure 5.19: Ezample 5.5: The Homogenization Problem

5.5 Diagonal Discontinuous K: Homogenization Example

The next example, given in Jikov, Kozlov and Oleinik [7], is related to theory of homog-
enization of differential operators. Assume that a material fills all of space with the pattern
which is presented in Figure 5.18. In the shaded areas K = k, I, while in the other areas
K = k; I. The homogenization problem is to find some effective matrix K that describes the
average diffusion coeflicient of such a media as the cell size shrinks to zero. In [7] p.37, it is
shown that, for such a pattern, the effective matrix is:

K — k1 k2]:7 (518)

that is, this media can be described by using a diagonal matrix with a geometrically averaged
diffusion coefficient.

To reproduce this result numerically, the diffusion equation was solved on the rectangle
[0,1] x [0,.5] using a diagonal matrix with K = kI, k; = 1 and K = kI, k, = 100, as
in Figure 5.19. The boundary conditions are that there are no fluxes through the top and
bottom boundaries and Dirichlet conditions on right and left boundary.

According to [7], such a media can be described by an effective diffusion coefficient K,
and then the flux in « direction through the configuration, which is presented in Figure 5.19,

equals
FLUXQU: —\/kleM: —\/klkg. (519)

Lright — Lleft
In this example, FLU X, = 10.
The calculations were performed on a square grid, where the grid lines coincide with the
discontinuity lines, and the flux through the system was computed as follows

N-TWwSe - S,
(FLUXQU)gfmerical = E]_l N1 51’] 517]
Yo S&u
N-1117 G¢, -
- hYE]_lo—ﬁagm7 (5.20)
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Figure 5.20: Ezample 5.5: The Pressure for Cell-Surface Discretization
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a) Cell-Surface Discretization b) Cell-Node Discretization

Figure 5.21: Ezample:5.5 The Isolines for the Pressure for the Cell-Surface and Cell-Node

Discretization
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Figure 5.22: Ezample:5.5 Velocity field for Cell-Node and Cell-Surface Discretization

Method M | approx. | exact | error | ¢
flux flux
Cell-Node | 17 6.8 10 3.2 1071
33| 8.04 10 1.96 | 1.22
65| 9.16 10 0.84 -
Cell-Surface | 17 7.24 10 2.76 | 0.83
33| 8.45 10 1.55 | 1.78
65 | 9.55 10 0.45 -

Table 5.5: Ezample:5.5 Convergence Rates for Fluz: Cell-Node and Cell-Surface Discretiza-

tion
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Figure 5.23: Ezample 5.6: Velocity Field for Sand-Shale Problem

N-1
V105 (WX, + WXy 0) Sy
(FLUXGU)gi\TTneMcal = E]_l ( ]\:7_]1 17]+1) 517]
Ej:l Sé‘l,j
-1

— hY (WXL] —|— WX17]‘_|_1) y

J=1

where AY = 1/(N — 1).

Figure 5.20 displays the pressure for the cell-surface discretization while Figures 5.21 and
5.22 show the isolines of pressure and velocity fields for both discretizations. Note that the
cell-surface discretization profiles are much smoother than the cell-node solution.

Table 5.5 contains the convergence-rate data for the total flux for both types of discretiza-
tions. This table shows that the convergence rate for cell-node discretization is approximately

first-order, and that for the cell-surface discretization the convergence rate is approximately
second-order.

5.6 Flow Through a Sand-Shale System

This example is from Durlofsky [6] and is defined on the unit square, with the boundary
conditions: w = 0 along z = 0, u = 1 along z = 1, and the flux is equal to zero along y = 0
and y = 1. The permeability field is generated by randomly placing shale blocks, of total
area fraction 0.2, throughout the sand on regular grid of dimension 20 x 20 (see Figure 5.23).
In the example, the permeabilities of both the sand (ksu,q) and shale (kg4 ) are taken to be
uniform and isotropic, K = k1, with k,,,,q = 1 and kyuue = 107%. The “exact” flux through
the system (which is flux obtained on very fine grid) is 0.5202 (see [6]).

Figure 5.23 shows the velocity fields for both types of discretization. The streamlines
for the case of the cell-surface discretization, which were obtained from the vector field by
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N=M=21 N=M=4

Figure 5.24: Ezample 5.6: Streamlines for Sand-Shale Problem, M = N =21 and M = N =
41

Method M | approx. | exact | error | ¢
flux flux
Cell-Node |21 | 0.022 | 0.5205 | 0.498 | 1.39
41 0.33 | 0.5205 | 0.190 | 1.07
81 0.43 | 0.5205 | 0.090 | -

Cell-Surface | 21 0.45 0.5205 | 0.070 | 1.22
41 0.49 | 0.5205 | 0.030 | 1.32
81 | 0.508 | 0.5205 | 0.012 | -

Table 5.6: Ezample 5.6: Convergence Rates for Fluz: Cell-Node and Cell-Surface Discretiza-

tion

41



-4 05

a) Cell-Surface Discretization b) Cell-Node Discretization

Figure 5.25: Ezample 5.6: Pressure Isolines For Sand-Shale Problem

computing the stream function and then drawing its isolines, are shown in Figure 5.24. The
isolines of the pressure are presented in Figure 5.25, which shows the more regular behavior
of the pressure for the case of the cell-surface discretization. The convergence rates for the
total flux are presented in Table 5.6. For N = M = 21, the cell-node discretization gives
absolutely unphysical result. This can be explained as follows: the fluxes are computed at
nodes, and the corresponding elements of the matrix K are also computed at the nodes by a
harmonic average from four neighboring cells, so for 20 x 20 cells, all nodes have very small
permeability, which almost blocks the system.

In is interesting to compare the accuracy of the our cell-surface discretization and mixed
finite-element method, described in Durlofsky [6], as function of number of unknowns. In [6],
the total flux, which is obtained using 1240 unknowns, is 0.4508, while our method gives a
flux of 0.451 for M = N = 21 (the correct result is 0.5205). For a uniform grid used in this
example, and for a diagonal K matrix, as used in this example, the fluxes can be eliminated
from the system and then the resulting system of linear equations contains only the pressure.
That is, the number of unknowns, taking into account the Dirichlet boundary conditions on
the left and right boundaries, is equal to (M — 1) x (N + 1) = 440. If the fluxes are not
eliminated, then the number of unknowns is equal to (M — 1) x (N + 1)+ M x (N —1)+
(N —2) x (M —1) = 1240, exactly as for the mixed finite-element method. Because of these
differences, to compare the two methods, it is not appropriate to compare only the number
of unknowns, but the structure of the matrix and the solution procedure for the system of
linear equations must also be considered.

5.7 Flow Through a System Containing an Impermeable Streak

This example, similar to one in Durlofsky [6], uses the logically rectangular grid on the
unit square shown Figure 5.26. The top curve is chosen to be an arc of a circle with the
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Figure 5.26: Ezample 5.7: The Geometry and the Grid for the Streak

center at (0.1, —0.4) and radius equal to 1.2. The bottom curve an arc of a circle with the
same center and with radius equal to 1.1.

The permeability throughout the domain is uniform and isotropic (K = I), except in
the low-permeability streak where the permeability is set such that the component parallel
to the local streak orientation (ki) is equal to 0.1 and the component perpendicular to the
streak orientation (k) is equal to 0.001. In the streak, the tensor K is a full tensor, in
terms of its Cartesian components, which vary with (z,y) and are readily determined from
the knowledge of k| and k. For the Cartesian components K, K,,, K,,, which are used
in cell-node discretization, the transformation formulas are:

K.. =k cos® p + k, sin ¢, (5.21)
K., = (kj—ki.) cospsinp, (5.22)
K,, =k sin’ o + ky cos’ ¢, (5.23)

where ¢ = @(z,y) is the angle of rotation of the orthogonal coordinate system where the
tensor K is diagonal and has components k) and k;. In our case

singp = — , (5.24)

cos p = Y , (5.25)

where 2’ =z — 0.1 and y' =y + 0.4.

Figure 5.27 displays the velocity field for case of the cell-node discretization (the length
of arrows are proportional to module of the vectors). The results of the cell-surface dis-
cretization will be similar. As expected physically, no flow enters the streak, so these results
are qualitatively similar to the best results in Durlofsky [6].

5.8 Non-Diagonal, Piecewise Continuous K
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Ezample 5.8
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Figure 5.29: Ezample 5.8: Pressure, M = N = 33

In this example from Das, Schaffer, Steinberg, and Weber [18], the region is the unit
square and the boundary conditions are the normal flux given by the exact solution on the
top and the bottom boundaries, and Dirichlet condition given by the exact solution on the
left and right boundaries. The non-diagonal permeability (or diffusion) matrix has a jump
discontinuity of height A along the line rz + sy = 6, where 0 <r,s,6§ <landr+s=1
(see Figure 5.28). The matrix K is

B 1 1/10
where
1, f0<re+sy<é,
K@) =9\ it 6<rotsy<1, (5.27)
The exact solution for the case when the right-hand side equals zero is

%%7 if0<rz+sy<§,
w(z,y) = ) (5.28)

%@, fé<rz+sy<l,

As expected, the method for the case of cell-surface discretization is exact for the piecewise
linear solution.

Figure 5.29 displays the approximate solution for » = 0.7 and A = 10, for the cell-node
discretization. Table 5.7 verifies that the convergence rates are second-order.
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M max Ly-norm | gz | 92
norm
17 | 5.98E-4 | 2.15E-4 | 1.74 | 1.99
33 | 1.78E-4 | 5.38E-5 | 1.83 | 1.98
65 | 4.98E-5 | 1.36E-5 - -

Table 5.7: Ezample 5.8: Convergence Rates: Cell-Node Discretization
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A The Truncation Error for the Discrete Analog of
K grad

In this appendix, the approximation properties of K grad are defined in terms of projection
operators for scalar- and vector-valued continuum functions. For the cell-surface discretiza-
tion, scalar valued functions are projected onto their values at cell centers:

(Pn(w)) ) = w0 Y(i))» (A1)
where
. T(iy) T T(it1,5) T T(t1,i+1) T T(i+1)
T, . =
(27]) 4: ’
. Y65 T YL T Y41 T YE+)
Yigy = ’ ’ A ’ —, (A.2)

and vector-valued functions are projected onto the normal component of the vector in the

middle of the sides of the cells:
[ P&,
pe(26), "

where
(Pfh(u_;))(m‘) = (v, ﬁ)|(x£7y£)(i,n ) (Pnh(w))(m) = (v, ﬁ)|(xn,y77)(i,n ) (A.4)
and
ml, +m27 y%_l_y27
2l ) = w Y€, = w
m’L,—I_mZ 7‘ y27_|_y2 74
oy = LRI Y T Y, w5

Then the truncation error for discrete operator G is defined to be
Yg(u) = G(pru) — Pr(Kgradu). (A.6)

Our goal is to show that for piecewise linear function u and general grids, the discrete
operator ¢ approximating K grad, is exact on linear functions. We restrict the proof to
the case of a diagonal matrix K = k(z,y)I with piecewise constant function k(z,y). The
results also hold for non-diagonal and piecewise constant K and the proof of the general
result is similar to the one given. Also, we assume that the discontinuities of the coefficient
K coincide with curve where u may not be differentiable, and that this curve is continuous
and aligned with the cell boundaries.

Because the function u is piecewise linear, the derivatives Ou/0z, and Ju/Jy are piecewise
constants. Because the flux is continuous at interfaces, the Cartesian components of flux,

GX:ka—u, GY:ka—u, (A.7)
Oz Oy
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Figure A.30: The Local Basis System

are constant over the entire domain.
The definition of the components of the vector G = (GS¢,GSn) = kgrad u are

GS¢ij) = GXns(; ;) + GY nsff’m) ) (A.8)
GSnij) = GX nsn(; y + GY nsnf’m) ,
where (ns€”,nsé?) are components of the normal to side S¢, and (nsn”, nsn¥) are components
of the normal to side S7.

For this investigation, it is convenient to introduce the local basis system with its origin
at the node (z(;;),¥(.;)), axis | directed along the side S¢; ), and axis n is perpendicular

to this side (see, Figure A.30). The projections of a vector G on the axes of this local
orthogonal coordinate system are denoted GN = GS¢(; ;) and GL. Therefore, GN is the
component normal to the interface, and GL is the component tangential to the interface.
These components can be written in terms of GX and GY and vice versa:

GN = GXns{;;+GY nsff’m) ,

GL = -GX nsff’m) + GY nsé(;

GX = GNns{;;—GL nsff’m) ) (A.9)
GY = GN nsff’m) + GLnsE(, ;-

Using (A.8), and (A.9), GS¢ and the components GS7 on all sides of the cells (z,7) and
(1 —1,7) can be express in terms of GN and GL as follows (see Figure A.30):

GS¢i;) =GN,
GSn(.,5) = sin ‘sz;; GL — cos ‘sz;; GN
GSn(ij+1) = sin ‘PEZ;L) GL + cos 908.%1) GN (A.10)
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iy 1{ GL—cosgoz]}I_{ GN ,

GST]Z 1,j4+1) = SiIl(p Z]-l—

GSnii-1.5) —smcp GL—I—coscp VGN .
The definition (A.6) of the truncation error 1¢ and the definition (4.48) of the operator
g gives
S =38 (P,(Kgradu)) — D' M (p,u) . (A.11)
The right-hand side of this equation is estimated by estimating each term
To estimate the first term in (A.11), let G = S (Pu(kgrad u)) and then
GS¢i ;) = (A.12)
(4.7) (4.7)
1 Vi Vi
k: : 2( sz) T 2( ](ji; ) G5+
Gy L\sin®e(])  sin” o)
VEZ]) cos cp(z:’]:) VEZ]) cos cp(Z )
( 7].) 2 (27])( 7]) GST](ZJ) - ( 7]-|.—1)2 (27])( ]+1 GST] Z ]+1 —I_
sin” ¢, Sin” @)
(i—1,7) (i—1,7)
1 I/(Zv]) ! I/(Z ]+1]
k. (1) T o (Z 1,5) G5
Vg.ifl’j) cos cp(z:_,l’j) VEZ ) cos cp(z L.9)
(7]) 5 (i_lfj)ﬂ) GST](z—lJ) _I_ ( 1]"’1) (Z 1]() ] 1 GST]Z 1]+1) .
sin” ¢(; sin? Plij+1)
Because
o (i—ky
I/(Ej-l—l)) = 0.25.5¢(i5) SM(i-h,j+1) sin ‘PEZ',]‘-H])) ] (A.13)
Equation (A.12) can be transformed to
GS¢is = (A.14)
Sn@ SN
0.25 S¢i.) { [( e Yok ) GSEij+
sin cp sin ;"
Sn¢i.5) coscp ] Sn;,j-1 cos ‘P(?]:)
g OSn) — T G | +
sin ;") sin ;"
1 Sn(i-1,j Snei-1;
k- [( . b (211])]) + .77( (t_];r;;) GS(ij)—
sing; ;) sSing; i41)
SM(i-1,)) cos p(. ;) Sn(i-1,41) O P{ 1)
(i—1 ]g d GST](Z_L]) + (i—1 ])( . GST] (i—1,5+1)
sing; ;) SinQ; i41)
Using the formulas in (A.10), the previous formula can be written in terms of GL and GN
GS¢i ;) = (A.15)
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(i+1,j+1)

(i-1,j+1)

(i+1,)
Figure A.31: One-sided Taylor Series

1
025560 {1

GL (Snan>coswﬁﬁi—-5”w4+l>Coswﬂyllﬂ} +

[GN (577 (i) S0 ‘P( + 57 j41) S1n ‘PEHLU) T

ON (S Sl + S i)

GL (—577(2'—1,]‘) cos 9022'3)7 + 577(2'—17]*1) cos 90 u+1 )]}

k=

For the second term in (A.11), consider the ¢ component of DI M (p;, (u)) (see (4.52)),
which is
Séiiy |1 (W))sy — ()] (A.16)
Because the function u is piece-wise linear, the truncation error is computed using one-sided
Taylor series at the point (x¢,y¢)(;,;), which is the middle of side (7,7) — (2,7 + 1) (see Figure
A.31). Values on the “right” of this side are labeled with a sub- or superscript “+”, while
values on the “left” of this side are labeled with sub- or superscript “-”.

Because the local basis system (n,[) is used and the fact that the function u is linear on
each side of the discontinuity,

(9u c £ 6’11, c £
(Pru)igy = u'+ anl, ("o = mia) + 5 ) Uiy = i) »
6'11/ c £ 6'11/ c £
(ru)ivy = ™+ g (Mimwy = i) + 7| Gimn — )

To simplify the notation, subscripts or superscripts for values at the center point (z&,y¢) )
of the edge [ are not used. Because GN and GL are constant over the entire domain, and
the function u is continuous, that is, uT = u~ = u at the center point of the edge of [, the
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previous equations become

GN , . GL
(o W)y = vt T (0 = o)+ +7 Wiy — i)
1 . :
= ut i [GN (n) —ni ) + +GL (I — 1)
GN , . GL .
(pr (W)i-15) = u+ T (n(ic1,) — nfi,j)) T Liz1) — lfi,j))
1 . ;
= ut - [GN (nf,_y ) =)+ +GL (I, — 6 )]
(A.17)
And finally,
(pn (w))(i.g) — (o (w))(i=1.9) = (A.18)
1 o c ¢
o [GN (n{s) = o) + +GL () — )] +
L [GN (n] ¢ GL (¢ ]
o OGN (ni ) = niey) + HGLIG ) — L)

To compare (A.15) with (A.18), expressions for the coordinates of the vertices of the cells
are needed in the local coordinate system:

n(i,j) = 0, l(i,j) = 0,
nige) =0, a4 = S€jy,

it1,4) = ST(i) SN WE%;: lit1.4) = 57(i,5) cos @Efjﬁ,
N(it1,j41) = SN(i,j4+1) SI0 908;:—1) s ey = S — SN+ cos SDEZ:’]:;
N(i-1,j41) = —ON(i=1,j+1) S0 WEZH;’ li1,541) = S&ij) — SM@i=1,j41) cos SDE”H;
(i-15) = —5M(i-1,) SiHSDEZ)l’j), liz14) = Sm(i-1,5) cos 9022 )”)
and also
niy =0, I, =055, (A.19)

These expression give

nig =M = i (0+0+577<m‘> sin pliJ) + S S P(an) — 0
= i ( N6i,5) s1n<,o —|—577u+1 smsoﬁu)m) ’
Gy — Uiy = i (04 S€i) + Sy cos 9{77) + & + Sy €08 @ hr)) - %S i)
— i (7. cos o) — Sy cos ol ) -

o1



From these formulas it is clear that the coeflicients of 1/k* in the expressions S Py, (k grad )
and Dt M (p, u) are the same. Similar considerations are valid for nfi_m) —nfm) and l(ci_m) —

l(i’j). Therefore
S¢Yg=0, (A.20)

and S is invertible, so consequently g = 0, that is, the operator G is exact for piecewise

linear functions.
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